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ABSTRACT: Certain idea about the fuzzy number graceful labeling graph of a fuzzy graph is
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INTRODUCTION
First, fuzzy set had been introduced by Zadeh [16]. Succeeding years, fuzzy set was grown in
different ways. The following are extension of fuzzy set, they are vague set, intuitionistic fuzzy
set, bipolar valued fuzzy set and etc. In 1975, fuzzy graph was introduced by Rosenfeld [10], with
modification of fuzzy graph was introduced by Arjunan.K and C.Subramani[2] and it was
extended to many area. In similar way, [3], [4], [5], [6], [7], [8], [9], [11], [12], [13], [14] and
[15] were useful to write this paper. K.Arjunan et all.[1] have given an idea about the fuzzy
number graceful labeling graph. In this paper, graceful labeling is generalized, particularly fuzzy
number graceful labeling, the triangular fuzzy number is used in this paper but we have different
types of fuzzy number.
1.PRELIMINARIES
Definition 1.1. [16] A fuzzy set N on the given universal set Q is a set of ordered pairs
N = {(x, Fm(x)): x €Q }, where F: Q —[0,1], is called membership function.
Definition 1.2. [16] The k — cut of a fuzzy set N, is defined by NL = {z: Fn(z) > k}, where ke[0,
1].
Definition 1.3. [16] Let @, ® be two fuzzy subsets of a set G. The following relations and
operations are defined as:
(1) @ < O means D(t) < O(t), for all teG.
(i) @ = O means D(t) = O(t), for all teG.
(iii) D°(t) = 1— D(t), for all teG.
(iv) ®NO = {(t, min(D(t), O(t)) ) / teG}.
(v) ®UO = {(t, max(D(t), O(t))) / teG}.
Definition 1.4. [14] A fuzzy subset of the real line R, whose membership function Fy, satisfies
the following situation, is a generalized fuzzy number N
(1) Fm is a continuous mapping from R to the closed interval [0, 1],
(1) Fm =0, -0 <x < ay,
(ii1) Fin = L(x) is strictly increasing on [ai, az],
(1v) Fm = Wn, a2< x < a3,
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(v) Fm = R(x) is strictly decreasing on [a3, a4],

(Vi) Fm =0, a4<x < o0,

where 0 < Wx < 1 and ai, a2, a3 and a4 are real numbers. Moreover, this kind of generalized fuzzy
number is denoted as N = (ay, a2, a3, a4;Wn)Lr when Wy = 1, it can be simplified as N
= (ai, a2, a3, a4)LR.

Definition 1.5. [14] The fuzzy set N = (ay, a2, a3), where a; < a» < a3 and described on R, is called
a triangular fuzzy number, the membership function of N is given by

x—a
——,a,<x<a,
a, —q
a,—Xx
F,={——,a,<x<a,
a; —a,
0, otherwise
Definition 1.6. The collection S = { 0,1,2,... } of triangular fuzzy numbers is called non-

negative triangular fuzzy numbers if 3 = (a1, a, a3), a€S, ai, a3 > 0. For example 1=1(01,2)
and 0 = (0,0,0).
Definition 1.7. [11] The function principle was introduced by Shan-Huo Chen [10] to treat fuzzy
arithmetical operations. This principle is used for the process for addition, subtraction,
multiplication and division of fuzzy numbers.
Suppose N = (ai, a2, a3) and U= (b1, bz, b3) are two triangular fuzzy numbers. Then
(i) the addition of N and U is N + U = (a;+ by, as+ b, a3+ bs), where a1, a, a3, b1, by, bs are any
real numbers.
(ii) The multiplication of N and U is N xU = (a1b1, a2ba, asbs), where ai, a2, a3, by, ba , bs are all
non zero positive real numbers.
(iii) —=U = (—bs, —ba, —by), the subtraction of U from N is N — U = (a;— bs, a,— by, a3— b;), where
ai, a2, a3, b1, ba, bz are any real numbers.

11

(iv) iA U’ (b b ) where bi, ba, b3 are all non zero positive real numbers, then the

A

division of N and U is i—( L 4 a3)
U b b b

(v) For any real number K,

K N = (Kay, Ka, Kas) if K> 0

K N = (Ka3, Kay, Kay) if K< 0.

Definition 1.8.[14] (i). Defuzzification of N = (a1, a, a3) can be done by Graded Mean
Integration Representation Method. It is defined as

1
[lla,+1(a, —a) +a, ~I(a, —a,))d!
0 _a,+4a, +a,

6

G(N)=

N | —

j.la’l

0
(ii). [3] The signed distance of N is defined as

30



MACHINE INTELLIGENCE RESEARCH ISSN:2731-538X | E-ISSN:2731-5398
Vol. 20 No. 01 (2026)

1

d(N,0)=S(N) = % j a,+1(a, —a,)+a, —(ay —a,))dl =
0

(iii). Total Integral Value Method (TI) of N is defined as

a, +2a, +a,
4

1
TI(R) = [ 4, +1(a, - a)+a, ~I(a, — )l =%.

0
Definition 1.9. [2] Let @ be a FS in a set G. The strongest fuzzy relation ¥ is an ordered pair ¥
= {((c1,d1), ¥(c1,d1))/c1,dieG } on G which is a fuzzy relation on ®@ and is defined by ‘¥(ci,
di) = min{®d(c1), ®(d1)} for all ci, dieG.
Definition 1.10. (2] Let S be any nonempty set and L be any set with a function
3: L —»SxS. Then @ is a S of S, Ris a fuzzy relation on S with respect to @ and © is a S of

L such that@(e) <R (X, y) Then the ordered triple Q = (®, O, J) is called a fuzzy graph (¢G),
e (1)
here the elements of ® are fuzzy points or fuzzy vertices (V) and the elements of ® are fuzzy
lines or fuzzy edges (rE) of the rG Q. Let 3(a) = (c1, di1). Then (ci1, @(c1)), (di,
d(d)) are adjacent rVs and (c1, @(c1)), rE (a, O(a)) are incident with each other. Let two distinct
rEs (a1, ®(a1)) and (a2, ®(a)) are incident with a common rV. They are called adjacent rEs. Let
O ={weS/D(w)>0}and ® = { ceL/O(c) > 0. Then Q" = (®*, ®, I) is a crisp graph.
Definition 1.11. [2] Let Q = (P, 0,3) be a vG. A ¢E is called a fuzzy loop (FL) if its end ¢Vs
of the rE are joined with same rV.
Definition 1.12. [2] Let Q = (®,0,F)be arG. Then the rG Q is called a fuzzy simple
graph(¢SG) if it has neither fuzzy multiple lines nor rLs.
Example 1.13. Consider the fG Q = (®,0,3),here S= { aj, b, c1, di, e1}, L= {x,y, z u,
v, w, p } and 3: L —»SxS is defined by 3(x) = (a1, b1), 3(y) = (b1, b1), 3(z) = (b1, c1), J(u)
= (Cl, dl), S(V) = (Cl, dl), S(W) = (dl, e1), S(p) = (a1, 61). AS O = { (a1, 0.5), (bl, 0.4), (Cl, 0.6),
(di, 0.7), (e1, 0.3) } of S. A fuzzy relation R = { ((a1, a1), 0.5), ((a1, b1), 0.4), ((a1, c1), 0.5), ((a1,
d1), 0.5), ((a1, e1), 0.3), ((b1, ai1), 0.4), ((b1, b1), 0.4), ((bi, c1), 0.4), (b1, d1), 0.4), ((b1, e1), 0.3),
((c1, a1), 0.5), ((c1, b1), 0.4), ((c1, c1), 0.6), ((c1, d1), 0.6), ((c1, e1), 0.3), ((d1, a1), 0.5), ((d1, b1),
0.4), ((di, c1), 0.5), ((d1, di), 0.7), ((d1, e1), 0.3), ((e1, a1), 0.3), ((e1, b1), 0.3), ((e1, ¢1), 0.3), ((e1,
di), 0.3), ((e1, e1), 0.3)} on S with respect to ® and a rS ® = { (x, 0.3), (y, 0.2), (z,0.1),
(u, 0.4), (v, 0.5), (w, 0.15), (p, 0.25)} of L.
(a1, 0.5)

(&1, 0.3)

(b1, 0.4)

(w, 0.15) (u, 0.4) (z,0.1)

(ds, 0.7) (c1, 0.6)

(v, 0.5)
Fig. 1.1.
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In figure 1.1, (i) (a1, 0.5), (b1, 0.4), (c1, 0.6), (di1, 0.7) and (e1, 0.3) are ¢Vs.

(ii) (x, 0.3), (v, 0.2), (z, 0.1), (u, 0.4), (v, 0.5), (w, 0.15) and (p, 0.25) are rEs.

(ii1) (a1, 0.5) (b1, 0.4), (b1, 0.4) (c1, 0.6), (c1, 0.6) (d1, 0.7), (d1, 0.7) (e1,0.3) and (e1, 0.3) (a1,
0.5) are adjacent rVs.

(iv) For example, (x, 0.3) join with (a1, 0.5) and (b1, 0.4), so it is incident with (ai, 0.5) and (b1,
0.4).

(V) (%, 0.3) and (p, 0.25) are adjacent rEs.

(vi) (v, 0.2) is a rL.

(vii) (u, 0.4) and (v, 0.5) are fuzzy multiple edges.

(viii) The given ¢G is not a rSG.

(ix) The given G is a rPG.

Definition 1.14. [2] Let¥ = (p,0,3)andQ = (?,0,3)betwo rGs of G. Then G
Y is called a fuzzy subgraph (rFSuG) of Q if pc ® and 6 < ©.

Definition 1.15. [2] Let Q = (D, O, J) be arG. Then the degree of a fuzzy vertex is defined

byd(Bland d(p)= Y O(a)+2 Y O(a).

a3 (a,f) a3 (B.p)

Defination 1.16. [2] The minimum degree ofthe rfG Q = (©, 6, 3J) is O(Q),
6(©2) = min{d(B) / PeS } and the maximum degree of Q is A(QQ),A(Q) = max {d(B)/
BeS}.
Definition 1.17. [2] Let Q) = (®,0,3) bea rG. Then the order of Q is defined to be o(Q),
o(Q) =D O(B)-

peS
Definition 1.18. [2] LetQ = (®,0,3) bea rG. Then the size of Q) is defined to be S(Q),
S = >.6(a).

ae3 N (a,p)
Definition 1.19. [5] ArG Q = (@, 0, J) is called fuzzy regular graph if d(B) = r, for all BS.
Itis also called a fuzzy r — regular graph.
Definition 1.20. [5] A G Q = (®,0,3J) is called a fuzzy complete graph (FComG) if every

pair of distinct Vs are adjacent and @(a) = R(a, :B) for all o, B€S.

4T (,f)
Definition 1.21. [1] A fuzzy path(sP.) inarG Q = (®,®,J) is an alternating sequence of rVs
and rEs (so, @(s0)), (a1, O(ar)), (s1, P(s1)), (a2, O(a2)), (s2, P(s2)),.-.,(Sn-1, D(sn-1)), (an, O(an)), (sn,
®(sn)) such that ©®() > 0, i= 1,2 ..,nandallthe Vs are distinct.

Here n is called the length of the rP.. The strength of the rP. is defined as (nw(a(ai). In
i=l1

other words the strength of rP, is defined to be the weight of the weakest rE of the rP.. A
single ¥V B may also be considered as a rP.. In this case, the ¢Pa is of length 0. If a ¢P,
has length 0, its strength is ®(f3). The consecutive pairs (si.1, si) are called arcs of the rP..
Definition 1.22. [1] A closed fuzzy path is called a fuzzy cycle (¢Cy) and the length of the fuzzy
cycle is given by the number of fuzzy edges in a fuzzy cycle. A fuzzy cycle of length n is denoted
as Cn.

Definition 1.23. Let Q = (@, 0, 3) be a fuzzy graph with p fuzzy points and p-1 fuzzy edges

32



MACHINE INTELLIGENCE RESEARCH ISSN:2731-538X | E-ISSN:2731-5398
Vol. 20 No. 01 (2026)

such that exactly one fuzy point is adjacent to every other p-1 fuzzy points. Then Q is called fuzzy
flower graph with p-1 petals.
Example 1.24. A fuzzy flower graph with 6 petals is given below.

(£,0.7) (e, 0.5) (d: 04)
(g, 0.8) (c, 0.9)

b, 0.6
Fig. 1.2. ( )

Definition 1.25. A (a, 0.3) rG Q=
(@, 0,3) is fuzzy connected graph (sConG) if any two frVs are joined by a F¢Pa.
Otherwise, Q is called fuzzy disconnected graph (FDConG).

Definition 1.26. Let Q = (®, 0, 3J) be a rG. The complement of Q is defined as Q°
= (@, ©° 3J), where (o)) = D(at), for all aeS and ®%(a) = min{d®(a), D(B)}-O(a) V
aeLand 3(a) = (a,p).

Definition 1.27. A G Q = (®,0,3) thathasno rCys is called a fuzzy cyclicora forest.
A connected forest is called a fuzzy tree (¢T). It is also denoted as f — tree.

2. FUZZY NUMBER LABELING GRAPH

Definition 2.1. [1] A fuzzy number graceful labeling(,nGfL) of a G Q = (P, 0, F) having q rEs
is an injective mapping 8 : ®(Q) — {0, 1,2, ..., q} such that when each ¢E {¢ is assigned the
label |£(¢) —L(¢) |, the resulting rE labels are distinct. A fuzzy number graceful graph(enGfG) is
one which admits a rnGfL.

Definition 2.2. [1] A fuzzy number nearly graceful labeling(.nNGfL) of a G Q = (P, 0, )
having p ¥Vs and q rEs is an injective mapping £ : ®(Q) — {0, 1,2, ..., q + 1} such that when
each rE {¢ is assigned the label |2({) —2(¢) |, the resulting rE labels are distinct. A fuzzy number
nearly graceful graph(enNNGfG) is one which admits a enNNGfL.

Theorem 2.3. Every P, is a rnG1G.

Proof. Let Wi, be a P, with m ¢Vs. That is Wi, has the number of rEs is m-1. Labeling can begin
at either end without loss of generality. The first point at one end is labeled as 0, the adjacent
point is labeled as m — 1 ,the next adjacent, non labeled point is labeled as 1 and we continue in
this manner. Alternate points are incremently increasing by 1 while the remaining points are

incremently decreasing by 1. Let s = [%]. For cases when m is even, the rE labels begining with
the leftmost edge in figure are | (m — 1) — 0|, | (m — 1) — 1,...,| (=) — s — 1|, all are distinct.

O O OO0 O O 00—
m— 2 2 m—3 s—1 m-—s
Fig. 2.1. Wy, for m is even
For cases when m is odd, the edge labels begining with the leftmost edge in figure are

|(m—=1)—=0],|(m—1) — 1],..., | (h =s) — §|, all are distinct.

0 m-—1

O O
—-

= O

O O O O O OO0 O O O——0
0 m— 1 1 m—2 2 m — 3 m=s 3
Fig. 2.2. Wy, for m is odd

Remark 2.4. Every crisp graceful path is a enGf path graph.

Example 2.5. A triangular fuzzy number path graph(tenP.G) with 6 and 7 Vs.
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O O O O
0,0,0 3,5,6 , 3 34,5 0,2,3 2,3,4
( ) 1g 2( TFN lgaG w%th 6(FVS ) ( )
O O O O O O

0,0,00 (4,6,79 (0,1,3) (2 5 0)  (1,2,4) (2,4,5) (2,3,4)
Flg 2.4. A tenP.G Wlth 7FrVs

Proposition 2.6. FConG Ko is a pnGf complete graph.
Proof. From the rG, K is rnGf complete graph.

Fig. 2.5. O O
0 1
Example 2.7. 1enG complete graph Ko.
Fig. 2.6. O O

(0,0,0) (0,1,2) (0,1,2)

Proposition 2.8. FComG K3 is a enGf complete graph.
Proof. From the rG, K3 is rnGf complete graph.

Fig. 2.7.

Example 2.9. tenGf complete graph Ks.

(0,0,0)
Fig. 2.8.
(0,1,2) (0,2,4)

Proposition 2.10. :ConG K4 is pnGf complete Kaph.
Proof. From the G, Kais a enGf complete gf@ph2)

Fig. 2.9.

Example 2.11. tenGf complete graph Ka. 1

(3.4.,5)

(3.4.,5)

(0,0,0)

(5.6.7) (0,2,4)

Fig. 2.10.
(0,1,2)

v
(0,1,2)
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Proposition 2.12. rComG Ks is a enGf complete graph.
Proof. From the rG, Ksis rnGf complete graph.

Fig. 2.11.

= 3

Example 2.13. tenGf complete graph Ks. 1

(5,6,7)
(9,10,11)

(3,5.,7)

Fig. 2.

o012 (029

Remark 2.14. In crisp graph, Ksis not a graceful complete graph.
Proposition 2.15. rComG Ks is a enGf complete graph.
Proof. From the rG, K¢ is rnGf complete graph.

15 12

1 3
Example 2.16. tenGf complete graph K.
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(0,0,0)=

(0,1,2)

(0,1,2) (0,2,4)

Fig. 2.14.
Remark 2.17. In crisp graph, Ksis not a graceful complete graph.
Proposition 2.18. rConG K7 is pnGf complete graph.
Proof. From the rG figure, K7 is rnGf complete graph.

AN
X

(1920,24)  (2,4,7)

> (14,12,17)

e
( >’m %

, ’ v, ;
/ 23N> 1719 O (11,12,13)
CAIRENEE AN

(6,7,8) (I\13,15)
(4,6,8)

" \ (3.5,7)

)
2.4.6 (6,7,8)
Fig. 2.16. 234 (240
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Remark 2.20. In crisp graph, K7 is not graceful complete graph.

Proposition 2.21. Every rFComG Q = (®, 0, ) is pnGf complete graph.

Proof. From the generalization of the above proposition, (1 is a pnGf complete graph.
Proposition 2.22. rCy C; is rnGf cycle graph.

Proof. From the ¢G figure, Cs is pnGf cycle graph.

0
Fig. 2.17. /\
3 1

3
Example 2.23. tenGf cycle graph Cs.

0,0,0
Fig. 2.18. ( )
(2,3,4) (0,1,2)
(2.3.4) (0,1,2)
Proposition 2.24. rCy C4 is ,nGf cycle grapl,2,4)
Proof. From the ¢G figure, C4is pnGf cycle graph.
3 0
Fig. 2.19.
5 4
Example 2.25. tpnGf cycle graph €.
(2,3,4) (2,3,4) (0,0,0)
Fig. 2.20.
(-17173) (3’4’5)

Theorem 2.26. Every fuzzy graph i number gyagafiul graph.
A XOEA) &2k

Proof. Let O = (P, 0, ) be a fuzzy flower graph. That is Q has p fuzzy points and p-1 fuzzy

edges.

Let @ = {(wy, po), (01, P1), - (mp—p pp—l)} and @ = {(v1,91), (92,92, - (I)p—l' qp—l)} be

fuzzy points and fuzzy edges.

A fuzzy flower graph exactly only one fuzzy points is adjacent with all the remaining (p-1) fuzzy

points. Suppose that the fuzzy point (w,, po) is adjacent with all the remaining p-1 fuzzy points,

then the mapping £ is defined as L((w,, po), (m]-,p]-)) =5,5=1, 2, ...p — 1, clearly all are

distinct, so (1 is a fuzzy number graceful graph.
Remark 2.27. Every crisp graceful flower graph is fuzzy number graceful flower graph.
Example 2.28. A triangle fuzzy number flower graph with 6 petals is given below.

45,6) (3,45 (2,34
(5,6,7)( ) 1,2,3
0, 1, 2)

©.0.0)
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Fig. 2.21. A triangle fuzzy number Graceful flower graph

Theorem 2.29. Every fuzzy star graph is fuzzy number graceful graph.

Proof. Let O = (P, 0, §) be a fuzzy star graph. That is Q has p fuzzy points and p-1 fuzzy edges.
Let @ = {(wy, po), (01, P1), - (mp—p pp—l)} and @ = {(n1,91), (92,92, - (I)p—l' qp—l)} be
fuzzy points and fuzzy edges.

A fuzzy star graph exactly only one fuzzy points is adjacent with all the remaining (p-1) fuzzy
points. Suppose that the fuzzy point (w,, po) is adjacent with all the remaining p-1 fuzzy points,
then the mapping £ is defined as L((wy, po), (m]-,p]-)) =5,5=1, 2, ...p — 1, clearly all are
distinct, so {1 is a fuzzy number graceful graph.

Remark 2.30. Every crisp graceful star graph is fuzzy number graceful star graph.

Example 2.31. A triangle fuzzy number star graph with 8 petals is given below.

(4,5,6) (3,4,5)

Fig. 2.22. A triangle fuzzy number Graceful star graph
Theorem 2.32. Every fuzzy complete bipartite graph K, q is fuzzy number graceful graph.
Proof. Let Q = (P, 0, &) be a fuzzy bipartite graph with p fuzzy points in one partition and q
fuzzy points in another partition. Assign 0, 1, 2, ..., p — 1 in p fuzzy points and assign P, 2p, .
.., pq in q fuzzy points. Then the each fuzzy edge has distinct fuzzy number. Hence Q is a fuzzy
number graceful graph.

0 B p—1

1 O0O0

Fig. 2.23.

00O .
Remark 2.33. Every crispgromplete bipartifggraceful graph Ky, q isBzzy number complete
bipartite graceful graph.
Example 2.34. A triangle fuzzy number complete bipartite graph K34 is given below.
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(0,0,0) (0,1,2) (1,2,3)
(2,3,4) (5,6,7) (8,9,10) (11,12,13)
Fig. 2.24. A triangle
fuzzy number Graceful complete bipartite graph
CONCLUSION

Fuzzy number graceful labeling is one of the main branch in fuzzy graph. Here different types

of graceful labeling definition is given, and one or two simple theorem is given, these definitions

are defined based on the crisp graph. Using the above definition and theorems, we can find more

results. It can be extended into different types of fuzzy number graceful labeling.
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