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Abstract

This paper introduces the concept of fuzzy signed graph, a novel extension of traditional
graph theory that integrates fuzzy logic and signed edges. Fuzzy signed graphs enable a nuanced
representation of relationships by incorporating uncertainty through varying degrees of
membership and capturing the nature of connections as positive, negative, or neutral. This
framework offers a versatile model for expressing complex interactions, providing a more
realistic and comprehensive portrayal of relationships in diverse application.
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Fuzzy Signed Graph:

Let I' be the fuzzy signed graph it has ordered triple [V, &, u] where V is the set of all
vertices IV and § is the set of all positive and negative edges and p is the membership values of
vertices and edges and also satisfying the condition.

n(8*) = p) v u(v)
u(67) = p(w) Au()
Example:

c (0.2)

a (0.4) — b (0.5)
0.4

Degree of Fuzzy Signed Graphs:

Let ' be the fuzzy signed graph the degree of vertex u is sum of the membership values
of positive edges incident on u subtract sum of the membership value of negative edges incident
on u.

1.e.,
deg(w) =X u*(wv) —(XZu (wv))

Example:
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(0.6) (0.8)
vy U

+
0.9 0.4
v, 0.4~ Vg
(0.9) (0.4)

deg(vy) = vV, + Vv + VU3 — 0
=08+09+0.6=23

deg(vy) = V11 — (V03 + V1)

=0.8-(0.8+0.4)
=0.8—-(1.2)
=-04

deg(vsz) = —0.2

deg(vy) =—0.3

Total Degree:
Let ' = [V, §, u] be a fuzzy signed graph. The total degree of a vertex u ,

(Tdeg(u)),u EVis
Tdeg(u) =degu + u(u)

Complement of fuzzy signed graph:

The complements of fuzzy signed graph I' is denoted by [c=

(V, 56' .uc)

- 6(a,b)=+

6°(a,b) = {

+ 6(a,b)=—

Example:
0.6 0.2 0.2 0.6 0.6+ 0.2
_|_
0.8
0.8
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FSG C(FSG)
Order:
Let ['(V, 8, u) be a fuzzy signed graph. The order O(I") is defined by
O) = Xaev u(a)
Size:
Let I be a fuzzy signed graph Then the size of S(I") is defined by
S(I) = Xapevsvu*(ab) + Xu(a,b)

Example:
0.6 0.2 0.2
&
0 +
0.6 0.4
+0.6
@
0.8 +0.8 0.4
SIT)=(08+04+0.6)+(0.24+0.6)
=18+0.8
= 2.6
Isomorphism of FSG

[0 (V4, 84, 1u1) and T, (V5, 64, 4y) are two fuzzy signed graphs. This graph is said to be
isomorphic then the following conditions are satisfied
i.  bijection between f:v; — v,
i () = Ilz(f(v1):f(172))
i, (v1vp) = Uy (f(”1),f(vz))
iv.  signof py(v1v;) =signof w, (f(”1):f(172))

0.4 04w, @ wy f(vy)
i g o £(v,)
+0.6 '
+04 0.2
®

& W, W

1% \ U3 f(l? ) f(vg)
; 0.2 0.2 0.3 0.64 0.3

i.  bijection between v; and v,.
. ()= .Uz(f(vﬂ) = p(wy) =04
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p(vz) = .Uz(f(vz)) = up(wy) = 0.2
p(v3) = .Uz(f(v3)) = uz(w3) = 0.3
p(vy) = uz(f(v4)) = up(wy) = 0.6

. p(vvy) = Ilz(f(lﬁ):f(vz)) = Uy (wowq) = 0.4
p(vpv3) = ﬂz(f(vz):f(v3)) =ty (wywsz) = 0.2
p1(Vvs) = Hz(f(vz):f(v4)) = Uy (wy,wy) = 0.6

iv.  signof & (v,v,) =signof &(f(vy) f(vy))

+ = 4
sign of 6;(v,v3) = sign of &, (f(vz).f(v3))

sign of 81 (v,v,) = sign of 8,(f(vy). f(vy))

o=t
I =10
Operations of fuzzy signed graph

Union:

Let T (Vy, 64, 1) and T, (Vy, 85, u,) are two fuzzy signed graphs. Then the union of fuzzy
signed graph is denoted by

(U)W, 6,w) = (ILUL)(V) = I1(V) UL (VL)

pa (w) u€el;
(vl = Ha () u€ev,
m@Vu(u) ueviny,
( H(uv) uv € 6;
| Uy (uv) uv € 6,

u(T U L) () =
| g (uv) V uy(uv)  uv € §; N, (uv — positive)

Uy (uv) Ay (uv)  uv € §; N &, (uv — negative)
and also must sign of the common edges are same.

(0.6) (0.8)
vy +0.8 5

0- 9+ 0. 4
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V5 (0.6)

v, (0.8)

04—

U,

Hand Shaking Theorem of Fuzzy Signed Graph

The sum of degrees of all verticesin FSGT = [V, 4§, u]
Is equal to the twice the sum of the membership value of positive edges is subtract the
twice the sum of the membership value of negative edges.

sumof (deg(w)) =2Xp*(uw,v) —2(Zpu~ (W, v))

Proof:

Let ' =[V,6,u] be any FSG with n vertices. since every positive and negative edge
contribute two degrees and also contribute its membership values.
Complete Fuzzy signed Graph:

If any two vertices of FSG are adjacent is called Complete Fuzzy signed graph.

Vs (0.6)

vy +: V3
(0.2)

Balanced Fuzzy Signed Graph:
Let [V, 5, u] be balanced if all the cycles of T is positive
Theorem:
A Complete FSG is balanced iff the vertex set is partitioned into two disjoint subsets (one
of the subset may be empty) V1 and V2 all lines between the same subsets are positive and
all the lines between the subsets V1 and V2 are negative.
Necessary condition:
Assume that I, be a complete balanced signed graph Let al be any
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point of T', V1 the set containing al and all points are positively adjacent to al ans V2 the
collection of all other points I.e negatively adjacent to al then V=V1 U V2 and also V1 & v2
are disjoint.

Any two distinct points bl,cl of V1 are positively adjacent . For if one of these two points
is al this is the construction of the set V1.But if neither of points is al then the cycle length 3
containing al,bl,cl contains the positive lines albl and alcl.since the cycle is positive the
line blcl is also positive.

Any two distinct points b2,c2 of V2 are positive adjacent. This seen at once from the fact
that the positive cycle alb2c2 contains the negative lines alb2 and alc2.

Sufficient Condition:

Suppose that vertex set is partitioned into two disjoint subsets V1 and V2 all lines between
the same subsets are positive and all the lines between the subsets V1 and V2 are negative. There
fore every cycle in I', Contains an even number V1-V2 lines. Hence every cycle is positive .
Lemma:

Every subgraph of balanced FSG is balanced
Proof:
Every cycle of subgraph is a cycle of balanced FSG and therefore every cycle is positive.
Conclusion

This paper exploration of fuzzy signed graphs has provided a robust foundation for
understanding and analyzing complex relationships. We defined the key components of fuzzy
signed graphs, including degrees, total degrees, complements, and isomorphism conditions. The
paper also delved into operations such as union and presented the Hand Shaking Theorem,
offering insights into the interplay between vertex degrees and edge membership values.
Furthermore, we examined the characteristics of complete and balanced fuzzy signed graphs,
providing necessary and sufficient conditions for balance. The observation that every subgraph
of a balanced fuzzy signed graph inherits the balanced property adds depth to the understanding
of these structures.
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