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Abstract  
            This paper introduces the concept of fuzzy signed graph, a novel extension of traditional 
graph theory that integrates fuzzy logic and signed edges. Fuzzy signed graphs enable a nuanced 
representation of relationships by incorporating uncertainty through varying degrees of 
membership and capturing the nature of connections as positive, negative, or neutral. This 
framework offers a versatile model for expressing complex interactions, providing a more 
realistic and comprehensive portrayal of relationships in diverse application. 
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Fuzzy Signed Graph: 

Let Γ  be the fuzzy signed graph it has ordered triple [𝑉, 𝛿, 𝜇] where V is the set of all 
vertices 𝑉 and 𝛿 is the set of all positive and negative edges and 𝜇 is the membership values of 
vertices and edges and also satisfying the condition. 

𝜇(𝛿ା) = 𝜇(𝑢) ∨ 𝜇(𝑣) 
𝜇(𝛿ି) = 𝜇(𝑢) ∧ 𝜇(𝑣) 

Example: 

 
 
Degree of Fuzzy Signed Graphs: 

Let Γ  be the fuzzy signed graph the degree of vertex 𝑢 is sum of the membership values 
of positive edges incident on 𝑢 subtract sum of the membership value of negative edges incident 
on 𝑢. 
i.e.,  
                  𝑑𝑒𝑔(𝑢) = ∑ 𝜇ା(𝑢, 𝑣) − (∑ 𝜇ି(𝑢, 𝑣))  
Example: 
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               𝑑𝑒𝑔(𝑣ଵ) = 𝑣ଵ𝑣ଶ + 𝑣ଵ𝑣ସ + 𝑣ଵ𝑣ଷ − 0 
                               = 0.8 + 0.9 + 0.6 = 2.3 
               𝑑𝑒𝑔(𝑣ଶ) = 𝑣ଶ𝑣ଵ − (𝑣ଶ𝑣ଷ + 𝑣ଶ𝑣ସ) 
                               = 0.8 − (0.8 + 0.4) 
                               = 0.8 − (1.2) 
                               = −0.4 
               𝑑𝑒𝑔(𝑣ଷ)  = −0.2 
               𝑑𝑒𝑔(𝑣ସ)  = −0.3 
Total Degree: 

Let Γ = [𝑉, 𝛿, 𝜇] be a fuzzy signed graph. The total degree of a vertex 𝑢 , 

൫𝑇𝑑𝑒𝑔(𝑢)൯, 𝑢 ∈ 𝑉 is  

𝑇𝑑𝑒𝑔(𝑢) = 𝑑𝑒𝑔 𝑢 + 𝜇(𝑢) 
 
 Complement of fuzzy signed graph: 
 The complements of  fuzzy  signed  graph  Γ  is denoted by                             Γୡ =

(𝑉, 𝛿௖, 𝜇௖). 

                                      𝛿௖(𝑎, 𝑏) = ቊ
− 𝛿(𝑎, 𝑏) = +

+ 𝛿(𝑎, 𝑏) = −
 

 Example: 
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                         FSG                                                          C(FSG) 
Order: 

Let Γ(𝑉, 𝛿, 𝜇) be a fuzzy signed graph. The order 𝑂(Γ) is defined by  
𝑂(Γ) = ∑ 𝜇(𝑎)௔∈௏   

Size: 
Let Γ be a fuzzy signed graph Then the size of  𝑆(Γ) is defined by  

𝑆(Γ) = ∑ 𝜇ା(𝑎, 𝑏)(௔,௕)∈௏×௏ +  ∑ 𝜇ି(𝑎, 𝑏)  

Example: 

 
                    𝑆(Γ) = (0.8 + 0.4 + 0.6) + (0.2 + 0.6) 
                                 = 1.8 + 0.8 
                              = 2.6 
Isomorphism of FSG 
          Γଵ(𝑉ଵ, 𝛿ଵ, 𝜇ଵ) and  Γଶ(𝑉ଶ, 𝛿ଶ, 𝜇ଶ) are two fuzzy signed graphs. This graph is said to be 
isomorphic then the following conditions are satisfied 

i. bijection between 𝑓: 𝑣ଵ → 𝑣ଶ 

ii. 𝜇ଵ(𝑣ଵ) = 𝜇ଶ൫𝑓(𝑣ଵ), 𝑓(𝑣ଶ)൯ 

iii. 𝜇ଵ(𝑣ଵ𝑣ଶ) = 𝜇ଶ൫𝑓(𝑣ଵ), 𝑓(𝑣ଶ)൯ 

iv. sign of  𝜇ଵ(𝑣ଵ𝑣ଶ) = sign of  𝜇ଶ൫𝑓(𝑣ଵ), 𝑓(𝑣ଶ)൯ 

            
 

i. bijection between 𝑣ଵ and 𝑣ଶ. 

ii. 𝜇ଵ(𝑣ଵ) = 𝜇ଶ൫𝑓(𝑣ଵ)൯ = 𝜇ଶ(𝑤ଶ) = 0.4 
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𝜇ଵ(𝑣ଶ) = 𝜇ଶ൫𝑓(𝑣ଶ)൯ = 𝜇ଶ(𝑤ଵ) = 0.2 

𝜇ଵ(𝑣ଷ) = 𝜇ଶ൫𝑓(𝑣ଷ)൯ = 𝜇ଶ(𝑤ଷ) = 0.3 

𝜇ଵ(𝑣ସ) = 𝜇ଶ൫𝑓(𝑣ସ)൯ = 𝜇ଶ(𝑤ସ) = 0.6 

 

iii. 𝜇ଵ(𝑣ଵ𝑣ଶ) = 𝜇ଶ൫𝑓(𝑣ଵ), 𝑓(𝑣ଶ)൯ = 𝜇ଶ(𝑤ଶ𝑤ଵ) = 0.4       

𝜇ଵ(𝑣ଶ𝑣ଷ) = 𝜇ଶ൫𝑓(𝑣ଶ), 𝑓(𝑣ଷ)൯ = 𝜇ଶ(𝑤ଵ𝑤ଷ) = 0.2 

𝜇ଵ(𝑣ଶ𝑣ସ) = 𝜇ଶ൫𝑓(𝑣ଶ), 𝑓(𝑣ସ)൯ = 𝜇ଶ(𝑤ଵ, 𝑤ସ) = 0.6 

 

iv. sign of  𝛿ଵ(𝑣ଵ𝑣ଶ) = sign of  𝛿ଶ൫𝑓(𝑣ଵ) 𝑓(𝑣ଶ)൯ 

                                 +         =        +  

sign of  𝛿ଵ(𝑣ଶ𝑣ଷ) = sign of  𝛿ଶ൫𝑓(𝑣ଶ). 𝑓(𝑣ଷ)൯ 

                                   −         =       −  

sign of  𝛿ଵ(𝑣ଶ𝑣ସ) = sign of  𝛿ଶ൫𝑓(𝑣ଶ). 𝑓(𝑣ସ)൯                 

                                    +         =        +  
          ∴        Γଵ  ≅  Γଶ 
Operations of fuzzy signed graph 
Union: 

Let  Γଵ(𝑉ଵ, 𝛿ଵ, 𝜇ଵ) and  Γଶ(𝑉ଶ, 𝛿ଶ, 𝜇ଶ) are two fuzzy signed graphs. Then the union of fuzzy 
signed graph is denoted by 

 ( Γଵ ∪ Γଶ)(𝑉, 𝛿, 𝜇) =  ( Γଵ ∪ Γଶ)(𝑉) =  Γଵ(𝑉ଵ) ∪ Γଶ(𝑉ଶ)  

μ( Γଵ ∪ Γଶ)(𝑢) = ൞

𝜇ଵ(𝑢) 𝑢 ∈ 𝑉ଵ

𝜇ଶ(𝑢) 𝑢 ∈ 𝑉ଶ

𝜇ଵ(𝑢) ∨ 𝜇ଶ(𝑢) 𝑢 ∈ 𝑉ଵ ∩ 𝑉ଶ

                                      

μ( Γଵ ∪ Γଶ)(𝑢𝑣) =

⎩
⎪
⎨

⎪
⎧

𝜇ଵ(𝑢𝑣) 𝑢𝑣 ∈ 𝛿ଵ

𝜇ଶ(𝑢𝑣) 𝑢𝑣 ∈ 𝛿ଶ

𝜇ଵ(𝑢𝑣) ∨ 𝜇ଶ(𝑢𝑣) 𝑢𝑣 ∈ 𝛿ଵ ∩ 𝛿ଶ (𝑢𝑣 − 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒)

𝜇ଵ(𝑢𝑣) ∧ 𝜇ଶ(𝑢𝑣) 𝑢𝑣 ∈ 𝛿ଵ ∩ 𝛿ଶ (𝑢𝑣 − 𝑛𝑒𝑔𝑎𝑡𝑖𝑣𝑒)

 

and also must sign of the common edges are same. 

    
                                    Γଵ                                                        Γଶ 
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Γଵ ∪ Γଶ 

 
Hand Shaking Theorem of Fuzzy Signed Graph 
       The sum of degrees of all  vertices in FSG Γ = [𝑉, 𝛿, 𝜇]  
Is equal to the twice the sum of the membership  value of positive  edges  is subtract  the 
twice the sum of the membership  value  of negative  edges. 
                             𝑠𝑢𝑚 𝑜𝑓 (𝑑𝑒𝑔(𝑢)) = 2 ∑ 𝜇ା(𝑢, 𝑣) − 2 (∑ 𝜇ି(𝑢, 𝑣)) 
Proof:  
        Let Γ = [𝑉, 𝛿, 𝜇] be any FSG with n vertices. since every positive and negative edge 
contribute  two degrees and also contribute its  membership  values. 
Complete Fuzzy signed Graph:  
                      If any two vertices of FSG are adjacent is called Complete  Fuzzy signed graph.  

                        
Balanced Fuzzy Signed Graph:  
             Let Γ[𝑉, 𝛿, 𝜇]   be balanced if all the cycles  of Γ is positive  
Theorem:  
A Complete FSG is balanced  iff the vertex set is partitioned into two disjoint subsets (one 
of the subset may be empty) V1  and V2 all lines between  the same subsets are positive  and 
all the lines between  the subsets V1 and V2 are negative.  
Necessary condition:  
Assume that Γ, be a complete  balanced signed graph                                        Let a1 be any 
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point of Γ, V1 the set containing a1 and all points are positively  adjacent  to a1 ans V2 the 
collection of all other points  I.e negatively adjacent  to a1  then V= V1 U V2 and also V1 & v2 
are disjoint.  
       Any two distinct  points b1,c1 of  V1  are positively  adjacent . For if one of these two  points 
is a1 this is the construction  of the set V1.But if neither  of points  is a1 then the cycle length 3 
containing  a1,b1,c1 contains the positive  lines  a1b1 and a1c1.since the cycle  is positive the 
line b1c1 is also positive.  
       Any two distinct points b2,c2 of  V2  are positive  adjacent. This seen at once from the fact 
that the positive cycle a1b2c2 contains  the negative  lines a1b2 and a1c2. 
Sufficient Condition: 
      Suppose that  vertex set is partitioned into two disjoint subsets V1  and V2 all lines between  
the same subsets are positive  and all the lines between  the subsets V1 and V2 are negative. There 
fore every cycle in Γ, Contains  an even number  V1-V2 lines. Hence every cycle is positive . 
Lemma: 
 Every subgraph of balanced  FSG is balanced  
Proof: 
    Every cycle of subgraph is a cycle  of balanced FSG and therefore  every  cycle is positive.  
  Conclusion  
        This paper exploration of fuzzy signed graphs has provided a robust foundation for 
understanding and analyzing complex relationships. We defined the key components of fuzzy 
signed graphs, including degrees, total degrees, complements, and isomorphism conditions. The 
paper also delved into operations such as union and presented the Hand Shaking Theorem, 
offering insights into the interplay between vertex degrees and edge membership values. 
Furthermore, we examined the characteristics of complete and balanced fuzzy signed graphs, 
providing necessary and sufficient conditions for balance. The observation that every subgraph 
of a balanced fuzzy signed graph inherits the balanced property adds depth to the understanding 
of these structures. 
References  
[1] F. Harary, On the notion of balance of a signed graph, Michigan Math.J.2(1954) 
[2] F. Harary,  On the Measurement of structural balance  Behavioral Sci.4(1959) 
[3]  L. Zedeh Fuzzy sets,Information  and Control(1965) 
[4] S.Pirazada,T.A.Nachoo and F.A.Dar,Signed degree sets in Signed bipartite graph 
[5] Th.Zalavsky, Signed Graphs Discrete  Appl.math, 4(1)(1982) 4774 
[6]Th.Zalavsky, Chercterizations of Signed Graphs, J.Graph theory.5(1981) 
[7]Th.Zalavsky, Orientation  of Signed Graph. European J.Combinatorics. 
 


